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Abstract. In this paper we give the topological classification of real primary 
Kodaira surfaces and we describe in detail the structure of the corresponding 
moduli space. 

Moreover, we use the notion of the orbifold fundamental group of a real 
variety, which was also the main tool in the classification of real hypercUiptic 
surfaces achieved in IC-FI . 

Our first result is that if (S, a) is a real primary Kodaira surface, then the 
differentiable type of the pair (S, cr) is completely determined by the orbifold 
fundamental group exact sequence. 

This result allows us to determine all the possible topological types of (5, a). 

Finally, we show that once we fix the topological type of (S, cr) correspond- 
ing to a real primary Kodaira surface, the corresponding moduli space is irre- 
ducible (and connected). 
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varieties. 
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Introduction 

The purpose of this paper is to achieve the topological classification of real 
Kodaira surfaces and to describe the structure of their moduli space. 

The main tool that we used in the topological and differentiable classification is 
the notion the orbifold fundamental group exact sequence of a real variety, whose 
relevance in real geometry has been pointed out in |(^F| . 

To be more precise, a smooth real variety is a pair {X, a), consisting of the data 
of a smooth complex manifold X of complex dimension n and of an antiholomorphic 
involution a : X X (an involution cr is a map whose square is the identity). 

X is a complex manifold, so it is determined by a differentiable manifold M and 
a complex structure J on the complexification of the real tangent bundle of M . 

If we consider the same manifold M together with the complex structure — J, 
we obtain a complex manifold which is called the conjugate of X and denoted by 
X. 

The involution a is now said to be antiholomorphic if it provides an isomorphism 
between the complex manifolds X and X (and then {X, a) and {X, a) are also 
isomorphic as pairs). 

If {X, a) is a compact real variety, one would like to describe the isomorphism 
classes of the pairs {X,a), or the possible topological or differentiable types of the 
pairs {X, cr). 

We notice that already the problem of describing the topological type of the real 
part of X, X{M.) := Fix {a) can be rather difficult. 
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Recall that Hilbert's 16-th problem is a special case of the last problem but for 
the more general case of a pair of real varieties [Z C X^a). 

For a smooth real variety, we have the quotient double covering n : X —f Y = 
X/ < a >, and the quotient Y is called the Klein variety of {X, a). 

In dimension n = 1 the datum of the Klein variety is equivalent to the datum of 
the pair {X, a) , but this is no longer true in higher dimension, where we will need 
also to specify the covering tt. 

The covering tt is ramified on the real part of X, namely, X' := X(M) = Fix{a), 
which is either empty, or a real submanifold of real dimension n. 

If X' := X(M) — Fix{a) is empty, the orbifold fundamental group of Y is just 
defined as the fundamental group of Y . 

If X' 7^ 0, we may take a fixed point xq G Fix{a) and observe that a acts on 
the fundamental group 7Ti{X, xq)'- we can therefore define the orbifold fundamental 
group as the semidirect product of the normal subgroup tti{X^xo) with the cyclic 
subgroup of order two generated by a. It is easy to verify then that changing the 
base point does not alter the isomorphism class of the following exact sequence, 
yielding the orbifold fundamental group as an extension 

1 ^ ni{X) n°''\Y) ^ Z/2 ^ 1 

(changing the base point only affects the choice of a splitting of the above se- 
quence) . 

In |C-Fj we studied real hyperelliptic surfaces and we proved that the topologi- 
cal and differentiable type of a real hyperelliptic surface is completely determined 
by the orbifold fundamental group exact sequence. Furthermore, once we fix the 
topological type of a real hyperelliptic surface, the corresponding moduli space is 
irreducible and connected. 

We also claimed that the orbifold fundamental group exact sequence is a powerful 
topological invariant of the pair (X, a) in the case where X has large fundamental 
group, in particular in the case where X is a K{'k, 1). 

Primary Kodaira surfaces are non Kahler surfaces which are K{tt, 1) and Ko- 
daira gave a description of them as quotients of C'^ by a group acting by afRne 
transformations (cf. |KoIp . So we thought that we could try to study real primary 
Kodaira surfaces, in order to give another issue (besides real hyperelliptic surfaces) 
where the topology of the pair {S, a) is determined by the orbifold fundamental 
group exact sequence. 

Our first result is 

Theorem 0.1. Let {S, a) be a real primary Kodaira surface. Then the differentiable 
type of the pair {S, a) is completely determined by the orbifold fundamental group 
exact sequence. 

Primary Kodaira surfaces are non Kahler surfaces of Kodaira dimension 0, their 
first Betti number is three and their first homology group is isomorphic to Z © Z © 
Z © Z/mZ, where m G Z, m > 1. 

Moreover the torsion coefficient m completely determines the differentiable type 
of a Kodaira surface. 

The second result on the topology of real Kodaira surfaces that we have is the 
following. 
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Theorem 0.2. Let us fix the topological type for a Kodaira surface S, i.e. we fix 
the torsion coefficient m E Z, of the first homology group of S. If m = {mod 2), 
then the number of topologically different real Kodaira surfaces is equal to 17; if 
m = 1 {mod 2), then the number of topologically different real Kodaira surfaces is 
equal to 13. 

As a consequence we obtain 

Corollary 0.3. Let {S, a) he a real Kodaira surface. Then the real part S'(R) is 
either the empty set, or a disjoint union oft tori, where 1 < i < 4. 

Regarding then the complete description of the moduli space of real Kodaira 
surfaces, we have the following main result that asserts that the differentiable type 
of the pair {S, a) determines the deformation type. This is true for real Kahler 
surfaces of Kodaira dimension less or equal to 0, but it is false already for complex 
surfaces if the Kodaira dimension equals 2, cf. |Calj . |na2) . |Maj . |Ca5| . |Kha-Ku p. 

Theorem 0.4. Fix the topological type of {S,a) corresponding to a real Kodaira 
surface. Then the moduli space of the real surfaces (S", a') with the given topological 
type is irreducible (and connected). 

To prove the last result we used the description of the moduli space of complex 
Kodaira surfaces of a given differentiable type given by Borcea in |Bolj . 

Theorem 0.5. ^ poT] ) The moduli space corresponding to isomorphism classes of 
complex structures on a fixed topological ( differentiable ) type Sq of a Kodaira surface 
may be identified to the product of the complex plane with a punctured disk. 

Concerning now the Enriques classification of real algebraic surfaces, it has been 
focused up to now mostly on the classification of the topology of the real parts, 
the topological classification of real rational surfaces going back to Comessatti 
([COl C02 C03| l. as well as the classification of real abelian varieties ( C03], 
see also ISe-Sil ). A complete description of the deformation classes of real 
structures on minimal ruled surfaces is given by Welschinger ( jWep . 

In the case of real K3 - surfaces we have the classification by Nikulin and Khar- 
lamov ( |Ni| . IKhap . for the real Enriques surfaces the one by Degtyarev and Khar- 
lamov (lEED, iDlO'). 

For real hypercUiptic surfaces we have already mentioned the paper |C-F| . 

Finally, partial results on real ruled and elliptic surfaces have been obtained by 
Silhol (ED) and by Mangolte (|MinS|). 

The paper is organized as follows: 

in section 1 we recall the description given by Kodaira of (primary) Kodaira 
surfaces and the results of Borcea on the moduli space of Kodaira surfaces of a 
given topological type. 

In section 2 we describe the possible liftings of an antiholomorphic involution 
(T on S to the universal covering of S. In particular it turns out that all such 
liftings can be represented as afRnc transformations of R"*. 

In section 3 we first recall the notion of the orbifold fundamental group of a real 
variety and we show that the representation of the orbifold fundamental group as 
a group of affine transformations of is uniquely determined, up to isomorphism, 
by the abstract structure of the group. 

Then, we show that, once this affine representation is fixed, the moduli space for 
the compatible complex structures is irreducible and connected. 
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Finally we describe all the possible topological types of a real Kodaira surface. 

In section 4 we explain how to determine the topology of the real part of a real 
Kodaira surface and we give a list of all the possible real parts as disjoint unions of 
tori. 



Acknowledgements. I would like to thank Prof. F. Catanese for the several 
interesting conversations on the subject and in particular on the possibility of us- 
ing the orbifold fundamental group in order to topologically classify real Kodaira 
surfaces. 

I also would like to thank Prof. L. Badescu for having pointed out the paper 
|Bol| to my attention during a very nice stay at the IMAR in Bucharest in March 
2002. 

1. Basics on Kodaira surfaces 

Kodaira proved the following theorem (cf. KoQ) 

Theorem 1.1. Let S be compact complex smooth surface. If the canonical bundle 
of S is trivial, then S is a K3 surface, a complex torus or an elliptic surface of the 
form C^/G, where is the space of the two complex variables (zi,Z2) o.nd G is 
a properly discontinuous group of affine transformations without fixed points of 
which leave invariant the 2-form dzi A dz2. The first homology group of the elliptic 
surface C'^/G is 

iJi(CVG,Z) ^ Z® Z©Z©Z/m. 

The surfaces 5 = C^/G in the theorem are called primary Kodaira surfaces and 
they admit a holomorphic locally trivial fibration over an elliptic curve with an 
elliptic curve as typical fibre. 

In |KoIj Kodaira also proved that the fundamental group G of S' can be generated 
by the elements 31,52,53,54, which as covering transformations have the form 

gj{zi,Z2) = {zi +aj,Z2 +djZi + Pj), 

with 

ai = 02 = 0, 
0304 — d^a^ = m(32, to G Z, m ^ 0, 
/3i,/32 linearly indipendent over R, i.e. /3i02 — 7^ 0. We have gj = AjZ + bj, 
where 



and 




Remark 1.2. The centre Z of G is the subgroup generated by 51 and 52, Z =< 
51,52 >^I?. 

The commutator [53,54] = 939493 ^94^ = 5™- 

Therefore we have a central extension 

Z = 1? ^ G ^ G/Z '^1? ^\ (*) 
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Proof. 

Let g{z) = Az + b, 7(2) = Az + S, then g^^{z) = A^^z — A^^b. We observe that 
e I ^ J ^ I = (C, +) therefore 

[g, 7] {z) = z+ {Id -A)b-{Id- A)S. 
Now the proof is an easy computation. Q.E.D. 

Set Ep = C/(Z/3i + ZP2) and vr : ^ CV^ = C X be the projection. We 
have then 

C^/Z ^CxEp^ <C?IG = (C X E{i)ll?, 

and the map 

CVG = (C X Efi)II? C/Zag + Za4 

[(zi,Z2)] ^ [^i] 

has fibre E/j. 

One can prove that from a differentiable viewpoint, Kodaira surfaces are com- 
pletely determined by the torsion coefficient m of their first integral homology group 

(cf. [M]). 

If 5' is a compact complex surface with trivial canonical bundle, a non zero global 
holomorphic two-form rj satisfies 

(1) drj = 0, 1] A T] — 0, J] A fj > at every point of S. 

Conversely, let Sq be the underlying differentiable manifold, then any global 
complex valued two-form 77 satisfying |^ defines a complex structure on Sq with 
respect to which 77 is holomorphic and nowhere null. 

Let p £ P(iJ^(5'o, C)) be a point corresponding to the cohomology class of a 
global holomorphic non zero two form for some complex structure on Sq with a 
trivial canonical bundle, the p lies in the open set D determined on the quadric 
p • p = by the condition p- p > 0. Here the product is cup product on H'^{So, C). 
The group of orientation preserving diffeomorphisms on Sq acts on D, and we have 
the following results of Borcea (I Bol| ). 

Theorem 1.3. Given a line p E D of H^{Sq,C) there exist representatives rj of p 
satisfying conditions Qj. 

Theorem 1.4. Any two such representatives define isomorphic complex analytic 
structures on Sq. 

Furthermore any complex structure on Sq occurs in this manner i.e. it has a 
trivial canonical bundle. 

Therefore he proves that a parameter space for isomorphism classes of complex 
structures on Sq is the quotient of D by the action of orientation preserving diffeo- 
morphisms on Sq and we have the following theorem. 

Theorem 1.5. / |Bol| j The moduli space corresponding to isomorphism classes of 
complex structures on a fixed topological (differentiable) type Sq of a Kodaira surface 
may be identified to the product of the complex plane with a punctured disk. 
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Borcea shows that if we take coordinates (a;i, j/i, X2, 2/2) on the universal covering 
of 5*0, a basis of i7^(5o,C) is given by the forms 9ij, I < i < j < i, ^ 
(1,2), (3, 4), where 6ij — uti A utj, with 

uji = dxi, UJ2 = dyi, LU3 = dx2 ~ xidxi - yidyi, UJ4 = dy2 - xidyi + yidxi. 

So a two form 77 can be written as follows: rj = P13O13 +P23^23 +^146*14 +?324^'24, 
where (pi3,?323,Pi4,P24) are homogeneous coordinates onPiJ^(5o,C) and is given 
by: 

P13P24 - P23P14 = 0, 

-P13P24 + P23P14 + P14P23 - P24P13 > 0. 



One can also show (see |Bolp that the action of the orientation preserving diffeo- 
morphisms of Sq on D is the following 



(2) 



P23 
V P24 J 



M -^M 

m 

e-M 



( \ 

P23 
Pli 
\ P24 J 



where M 



, a, b, c, d €i Z ad — be = e = ±1, A: S Z, m is the torsion 



coefficient of the first homology group i/i(5o, Z). So one can easily see (cf. (Bol] ) 
that the map 

{Pl3,P23,Pl4,P24) ^ {Pl4/P24,Pl3/Pl4) 

defines an isomorphism of D onto (_ff+ x U (i7_ x where and iJ_ 

denote respectively the upper and lower half planes. Finally P14/P24 undergoes a 
modular transformation, while P13/P14 is translated by —2k/m. The quotient of 

by the modular group is isomorphic to the complex plane, the quotient of 
by an infinite cyclic group of real translations is isomorphic to the punctured disk. 

Now if we set a = e = —d = —1, b = c = k = 0, then P14/P24 ^ ~Pi4/p24, 
P13/P14 ^ ^Pi3/pi4 and the two components are interchanged. 



2. Symmetries of Kodaira surfaces 

Let us now assume that S" is a real Kodaira surface, and let cr : S" —> 5* be an 
antiholomorphic involution. Then we can find a lifting ct of cr to the universal cover 

Proposition 2.1. Let a be a lifting of a to C^ , then a is an affine transformation. 

Proof. Since tr is a lifting of a to the universal covering, a acts by conjugation 
on G, therefore it also acts on the centre Z of G, because it is characteristic. 

Hence a induces an antiholomorphic map a : C'^ / Z = C x Ep ^ C"^ / Z — C x Ep 
as it is illustrated in the following diagram: 
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C2 

<C?IZ = C-kEi3 -^-^ <C?IZ = <C-KEp 

cVg ^ S ^ CVG = 5* 

Therefore, for all 7 G Z there exists a 7' G Z such that ct o 7 = 7' o ct, so if we 
write a(zi,Z2) = icri{zi, Z2), a2{zi, Z2)), we have 

CTi (2:1, 7(^2)) = cri(zi,Z2), 

0-2(2:1,7(22)) = 7' (0-2 (21,22)). 
Since C^j/Z ^ i?^ which is compact, we immediately see that ai is constant in 22, 
(^i{zi-,Z2) = (71(21). Furthermore, since Z acts by translations on C^^, we see that 
(72 is affine antiholomorphic in Z2 and we can write 

(3) 0-2(21,22) = a2(2i)2"2 + 02(2:1). 

Now, if we write 7(22) — Z2 + S, with (5^0, 7'(22) = 22 + S' , from we obtain 

0-2(21, 7(2_2)) = a2(2l)(2"2 +S)+ €2(21) = 7'(f72(2l, 22)) = a2(2l)(2"2) + €2(21) + (5', 

so 02 (21) (5 = S' and 02(21) = 02 G C is a constant. 

G/Z =: H = 1? acts by translations on and 'Czi/ H = which is compact. 
(7 normalizes H, therefore for every g E H there exists a. g' E H such that 

^^1(5(21)) .g'(7i(2i)). 
So we see that cti is afhne antiholomorphic in zi and we can write 

(4) 71(21) — czi + d 

Now we use the fact that there exists g E G such that a o g^ = g o a, and g' G G 
such that <T o g^ = g' o a. 

We observe that the action of G on the first component is given by translations, 
therefore we have 

(7 o 513(21, 22) = (c(2"i + dz) + d, a2(a32"i + 2"2 + /Js) + 02(21 + a^)) = 

g o a{z,,Z2) = g{cz-, + d, 022-2 + 02(21)) = ^ J ) a22rit2ti) ) + ( * ) 
Analogously for (74 we have 

(7 O ^4(21, 22) = (c(2i + d4) + d, 02(Q!42i + 22 + /^l) + £2(21 + Q;4)) = 

g' 0^(21,22) = 5'(c2-i + d, 032-2 + 02(21)) = 

So from the first components we find x = cas, x' = ca^. The second components 
yield 

^20:321 + 02/33 + 02(21 + a^) ~ xczi + xd + 02(21) + constants, 
a,20iAZi + 02/^4 + 02(21 + ai) — x'czi + x'd + 02(21) + constants. 
By derivation w.r.t. 21 we obtain 



021 + d ) + I 

022-2 + 02(21) J \ * 
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dc2 , , dc2 , . 

020:3 + -^^(^1 + a-i) ^ XC + -^(zi), 
uzi ozi 

dc2, . , dc2, . 

0204 + ^r^[zi +a4) ^ X c + -^{zi). 
ozi ozi 

So ^^(zi) = hzi + / and by subtituting this expression in the last two equations 
we get 

xc — hds x'c — hdi 
02 = = . 

as Q!4 

Since G G, we immediately see that cc = 1. Hence, since x = ca^, x' — ca^, we 
have xc — as, x'c = a^ and 02 = 1 — = 1 — so h{dsa4 — a3cE4) = 0, that 
yields /i = 0, 02 = 1. 

Therefore we have §§^(^1) — f, hence 02(2:1) = /ii + g, and 

Let us now impose the condition a" G G. 

21 A / |C|2 \ / Zl \ / cd + d 

Z2 \ fc + f 1 [ Z2 y[ fd + g + g 



a' 



a 



jds + sdi 1 J \ Z2 J \ * 
where j, s £ Z. 

Therefore, as we have already noticed we have |cp — 1 and cf + f — ja^ + sa4 = 
cd + d. Q.E.D. 

Remark 2.2. Let a be a lifting of a to the universal covering as above, then 
we have 

where |cp — I, cf + f = cd + d G Ta = a^'Z + a^Z and F/j = F/j = /3iZ + /32Z, 
rf — F 

Proof. It only remains to show that F^ = F^ and cFq — r^. 
The condition agid^^ E Z , i = \,2 gives F^ — T fj, while by imposing agjd^^ G 
G, j = 3,4 we obtain cfa = Fq. Q.E.D. 

3. Topological types of real Kodaira surfaces 

First of all we recall the notion of the orbifold fundamental group exact sequence, 
that we have introduced in |tJ-Fi . 

Let {X, a) be a smooth real variety of dimension n (i.e., X is a smooth complex 
manifold of complex dimension n given together with an antiholomorphic involution 
a). Then we have a double covering -k : X —f Y = X/ < a > ramified on 
X' = X{m.) = Fix{a). Set Y' Tr{X'). 

We will define the orbifold fundamental group exact sequence of {X, cr) as the 
isomorphism class of a given extension 

(5) 1 TTi {X, xo) 7r1'-\Y, yo) ^ Z/2 ^ 1 
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The choice of a base point will however create some technical difhculties. 

Definition 3.1. (1) If X' = 0, then we define ^^''(y, yo) = iTi{Y,yo). 

(2) If X' ^ % and xo £ X' , ya — 7r(xo), a acts on 7ri(X, xq) and we define 
TT°^^{Y,yo) to be the semidirect product of the norm,al subgroup Tri{X,xo) 
with the cyclic group of order 2 generated by an element which will be de- 
noted by CTo and whose action on 7ri(X, xq) by conjugation is the one of 
a. 

(3) If n > 2), Y' ^ % and xq ^ X' , define the orbifold fundamental group of Y 
based on yo as tti{Y — Y',yo). 

(4) Assume xq ^ X' , X' ^ 0, assume moreover dimcX = 2. Then the orbifold 
fundamental group of Y with base point yo = 7r(xo) is defined to be the 
quotient of7ri(Y—Y', yo) by the subgroup normally generated by ji"^ , jm'^ , 
where Y{, ■■■,Y^ are the connected components ofY' and^i is a simple loop 
around Y^ . 

Since in all cases we have a well defined exact sequence 

1 ^ ni{X,xo) ^ 7rr''(F,yo) ^ Z/2 ^ 1, 
this will be called the orbifold fundamental group exact sequence. 

Proposition 3.2. The isomorphism class of the fundamental group exact sequence 

is independent of the choice of yo ■ 

Proof. This is well known when comparing cases (1), (3) and (4) which are 

mutually exclusive. 

In case (2) {X' ^ 0) we claim that 7r5"'''(y, yo) is independent of the choice of 
xo & X' . In fact, let 5 be a path connecting xo with X\: then the map 

yields an isomorphism between ■ki{X,xo) and ■Ki{X,xi). The action of a on 
iT\{X,xx) reads out on 'k\{X,xo) as the composition 

But this action is precisely the conjugation by ai := 6a{6)~^ao- 
Since ai is an element of order 2, we obtain that the split extensions 

1 ^ TTi {X, xo) ^ nl^^Y, yo) ^ Z/2 ^ 1 

and 

1 m{X,x,) ^ K^'iY^y,) ^ Z/2 ^ 1 

are isomorphic. 

To relate case (2) with the other two it suffices, once Xo € X' and Xi are given, 
to choose a splitting of the extension 

1 ^ MX,xi) ^ nr'>{Y,y,) ^ Z/2 ^ 1 
simply by taking 7j with j such that yo &Y-. 

Q.E.D. 

Remark 3.3. Let us explain the definition of Wi^^ {Y, yo) in the case where n>2 
and Xo ^ X' . 
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X' is a real submanifold of codimension n, hence the map 

TTi{X - X',xo) 7ri(X, a;o) 

is surjective if n > 2 and it is an isomorphism for n > 3. The singularities of 
Y are contained in Y' — tt{X') and there we have a local model R" x (R"/(— 1)). 
Therefore Y is smooth for n = 2 and topologically singular for n > 3. The local 
punctured fundamental group ni(Y — Y')ioc is isomorphic to Z for n — 2, while it 
is isomorphic to Z/2 for n > 3. This means that the kernel of the surjection 

7riiY-Y',yo)^MY,yo) 

is normally generated by loops 7 around the components ofY'. If n > 3, then we 
automatically have 7^ = 1. 

Let X be the universal covering oi X, so that X = X/tti{X). The exact sequence 
(|SJ) defines a group which is the group of fittings of tfie action of Z/2 = {Idx;<j} 
to X, so that Y ^ X/tt1''''{Y). 



Remark 3.4. If X' ^ 0, then the exact sequence 

1 ^ ni{X) -> n°''\Y) ^ Z/2 ^ 1 
always splits, as follows by the definition. 

Theorem 3.5. Let {S, a) be a real Kodaira surface. Then the differ entiable type of 
{S, cr) is completely determined by the orbifold fundamental group exact sequence 

(6) l^G = 7ri(S')^G^Z/2^1 

Proof. First of aU we see that the fundamental group exact sequence determines 
the topological type of the surface S. In fact consider the homotopy exact sequence 
of the fibration S with fibre Ef^ 

(7) 1 ^ Z ^ Z2 =< 71,72 >^ G ^ G/Z ^ 1? =< 73,74 >^ 1 

Kodaira proved that there exists a representation of G in A{2,C) such that 7^, 
i = 1, 2 correspond to the translations gi, i = 1,2. Furthermore if tt : S" — > Ea is 
the fibration, there exist fs, f^ £ t^i{S) such that 7r*(/3) — 73, 7r*(/4) — 74, and 
such that /s, f^ are represented by the affine transformations 33 and 34. 

By possibly taking other generators of the fundamental group of the fibre, 
T^iiE/s) = Z, we can assume that we have the relation gsg^g^^g^^ — 5™ and 
obviously lO determines the integer m. 

Now, since the torsion coefficient m determines the differentiable type of S (cf. 
jBolp . 7ri(S') determines S differentiably. 

Now we assume that {S, a) is real. Then we have seen that we have a represen- 
tation of a lifting o- of cr to the universal covering of S as an affine map of the 
form 





( 


yi 








V 2/2 J 


V 



C2 
/l 



C2 
-Cl 
/2 

-h 



\ 






( d, \ 




yi 


+ 


d2 








71 


) 


\ 2/2 j 




^ 72 / 



The orbifold fundamental group exact sequence 

1 ^ G ^ G ^ Z/2 ^ 1 
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determines the orbifold fundamental group exact sequence of the action of ai on 
the ehiptic curve Ea- In fact we have aheady observed that an element ct of G — G 
acts by conjugation on Z, therefore it acts on G/Z = H. So we have determined an 
extension 1 ^ _ff — > J? — > Z/2 — » 1, which is the orbifold fundamental group exact 
sequence for the real elliptic curve Ea. Since for a real elliptic curve the orbifold 
fundamental group exact sequence determines the topological type (cf. e.g. jC-Fj ). 
we have shown that we can fix the topological type of {Ea,cri), where cti denotes 
as above the first component of a. We have thus three different topological cases 
for the action of cri on the universal covering of Ea , which can be distinguished 
as follows. 

We can assume that the linear part of cti, which is given by the matrix 



ci 

C2 



C2 
-Cl 



A) 
B) 



is one of the following 

Cl C2 

C2 -Cl 

Cl C2 
C2 -Cl 

liFixiai) ^ e 





-1 

1 





(which always happens in case B)), we can assume di — d2 = 0. 
Otherwise if in case A) we have Fix{ai) = 0, one can easily prove that we can 
assume di — (1/2) the +l-eigenvector of the linear part of ai, d2 = (see for 
instance |C-F| lemma 5.5). 

Every element h £ G has the following form: 



1 \ 


( 


yi 




X2 




V y2 J 


V 



\ 


( ^ 




( " \ 




yi 


+ 


b 




X2 




z 


/ 


\ 2/2 ) 




\ ^ 1 



We would like now to determine the /^'s and the 7j's in the expression of a. In 
order to do this we impose in cases A) and B) the condition that for all h £ G ~ Z, 
ahd'^ eG- Z. 

Let us treat at first case A). 



The linear part of aha is 




-1 J 



( 1 











-1 





h 


/2 


1 


\ h 


-/l 






/ 





1 
b 

a 


1 






1 



1 













-1 








-/l 


/2 


1 





h 


/l 





-1 / 



Now we compute the translations parts and we obtain 



/ 1 
1 

a -6 1 











\ 


-d,\ 









-71 




\ -T2 / 
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\ 


/ 


a 


] 








( « \ 






b 

















z 




+ 


71 




hb + fia + z - adi 


/ 


v 


w 


) 




V 72 J 




\ -hdi + f2a-w- fib J 



/I 

0-100 

fl /2 1 
V /2 -fl -1 

Now, since aha~^ e G, we know the translation part of aha~^, which must be 
of the form 

/ a \ 

-b 
5 

V ^ / 

so we know 6 and e and from the computation above we must have 



a b \ f fl \ ^ f 5-z + adi 
-b a J \ f2 J \ e + w + bdi 
We are assuming that h E G — Z, so wc know that + 6^ 0, therefore fi 
and /2 are uniquely determined, since the orbifold exact sequence determines the 
conjugation action of a on G. 



Now we treat case B). 
Here we may assume di 



1 \ 


( 


yi 










\ 



= d2 



1 

fl 

/2 



= 0. 

1 



/2 

-fl 



\ 


/Xl \ 




( ' \ 




yi 


+ 







X2 




71 


J 


\ 2/2 J 




\12 J 



Again, if h € G — Z, we know that aha ^ G G — Z, and therefore we know the 
action of aha~^ on the universal covering. The linear part of aha~^ is 




1 

fl 



1 


/2 



1 


a 










1 

-/2 



V /2 -fl 


-1 


/ 


V 




b a 







1 / 


\ - 


-fl 










( 


1 








N 



















1 






















b 


a 


1 

















[ 


—a 


b 





1 J 






The translation parts 


are 
























/ 






b 






1 


' b 


\ 












a 








a 










a/i 




bf2- 


f z 






X 








I 


a/2 




bfi- 


- w 


) 


\ 


K y 


J 



1 



-fl 

/2 



-1 / 



where 



b 
a 

X 



is the translation part of aha 



\ y I 

So we have 



a 

-b 



fl 

/2 



X — z 

y + w 



and we are able to determine fi and /2, since we know h and aha ^ and a^+b"^ ^ 0. 
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translation part 



So we can determine the linear part of a in all cases. Now we want to find the 
of which we already know the dj's. 

71 
V 72 J 

Observe that we also know a^, because it is in G. In case A) we have the 
expression 





/ 


2/1 








\y2 J 


V 



/I \ / .Ti \ / 2di \ 



fidi + 271 



10 

2/i 1 



IJi 

X2 



V 2/i 1 y V y 



so we are able to determine 71. 
Analogously in case B) we find 



1 X, \ 


( 


yi 








\ 2/2 ) 





1 



/1 + /2 





1 

/1 + /2 
/1 + /2 





hdi J 


\ 


(x, \ 




( ' \ 




Vi 


+ 







X2 




271 


J 


\ y2 J 




^ J 



Thus also in case B) wc arc able to find 71. 
Consider now a translation 







yi 


= 


X2 


X2 + 32 


\y2 J 


\ y2 + t2 J 



then T ^gr = g,yg € G, and we have 



( \ 




( 


C2 








\ 


/ 


Xl \ 




di \ 


yi 




C2 


-Cl 












Vi 







X2 




h 


/2 


1 









X2 


+ 


71 


\ 2/2 J 




\ h 


-/l 





-1 


1 


V 


2/2 / 


V 


72-2t2 / 



If we set ^2 = 72/2, by substituting a with r ^ar we may assume that 72 = and 
we are done. Q.E.D. 

ReiriEirk 3.6. For a real Kodaira surface {S,(j), we must have (32 = 

Pi = -Re(/3i) - i£lm(2l2A^ where Re{pi) ^ 0. Furthermore if d is any lifting of a 



to the universal covering, we have agia 



9i92> ^920- ^ 



92 



Proof. Wc know that m/32 = (i3a4 — d4a3 = 2ilm{d^a4)^ therefore we must 
have Re{(3i) ^ 0, since /3i and (32 are linearly indipendent over R. 
Furthermore agia~^ e Z, thus we have 



agia 





( \ 


1 X, \ 




( \ 


1 


2/1 


2/1 









X2 


X2 


+ 


Re{(3i) 




\V2 ) 


\ 2/2 ) 




\ -Im{(3,) j 



r s 

9i92 



f xi\ 
2/1 

X2 

\y2 J 
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/ 


Xl \ 




( ' 


\ 




Vi 













+ 


rReiPl) 




V 


y2 J 




\ rIm{Pi) + s/m(/?2) 


/ 



This implies r — 1^ Im{f3i) — — 



5/771(0:304) 



/ Xl 


\ 




' Xl \ 




( ' ) 














yi 









X _ u 


yi 








X2 


+ 





= 9192 


X2 






\ / 




-/m(/32) ) 






\y2 1 




/ 




\ 







\ 










yi 



















X2 


+ 




Ai?e(/3i) 




5 





\y2 J 



so X — 0, n = —1. 
Remark 3.7. If Fix{a) 



\ A/m(/3i) + ^/m(^2) / 
then ^ splits. 



Q.E.D. 



Proof. Let xq be a fixed point of the antiholomorphic involution a on S, let 
p : S ^ ^ S he the universal covering map. Since the covering p is Galois, for 
all y G p^^{xo), there exists a lifting of cr such that o'(y) — y. But then is a 
lifting of the identity map with a fixed point, therefore it must be the identity and 
® splits. Q.E.D. 

Theorem 3.8. Fix a topological type of a real Kodaira surface {S,a), then the 
moduli space of the real Kodaira surfaces of the given topological type is irreducible 
and connected. 

Proof. In section 1 we have seen that in order to give a real Kodaira surfaces 
it suffices to find a complex structure ry G D on the topological type Sq of 5* such 
that every a £ G — G is antiholomorphic the complex structure induced by rj, i.e. 
we have a*{ri) = Xf], where A G C*. 

We know that homogeneous coordinates on Pi7^(5o, C) are {pis, P23, Pi4, P24) and 
■n = ^136*13 + P23fi'23 + P14O14 + P24:d24 G -D, therefore we have P13P24 - P23P14 = 0, 

-P13P24 + P23P14 + P14P23 - P24P13 > 0. 

Let us choose coordinates on the universal covering of 5*0 as above {xi, yi,X2, y2)- 
Then we have to distinguish cases A) and B) as in the proof of 13. 51 in the choice of 
a hft cr of cr, fj e G — G. 



In case A) a is of the form 

1 

-1 

/l /2 

/2 -fi 



( 



1 ^ 


( 


yi 




X2 




\ 2/2 j 


V 



\ 


( ] 




(dl\ 




yi 


+ 







X2 




71 


/ 


\ y^ J 




^ 72 / 



Xl + di 

-yi 

flXl + f2yi + X2 

V /2X1 - fm - y2 

The fact that cr^ E G implies /i — di. 



-71 
72 
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Now, 

^*{v) = Pi3((/2 - yi)dxi A dyi + dxi A dx2)+ 

P23{dxi A - xi - di) - dyi A dx2) + 

Pi4:{dxi A dyi{xi + rfi - /i) - dxi A dy2)+ 
P24((/2 - yi)dxi A dyi + dyi A dy2) = 
{dxi A dx2){pi3,) + {dxi A (i2/i)(pi3(/2 - 2/i) - X1P23 + xipu + {J2 - yi)p2i)+ 
{dyi A dx2){-p23) + {dxi A dy2){-pi4) + {dyi A dy2){p2i)- 

V = Pisidxi A dx2) + {dxi A dyi){-yipi3 + X1P23 - xipu - yiP24)+ 

{dyi A dx2)p23 + (dxi A dy2)pii + {dyi A dy2)p2i- 
The condition a* (rj) — Xfj yields 

P13 = Api3, -P23 = Xp23, -PlA = Api4, P2A = \p2A, 
Pl3(/2 - yi) +P23{-Xl) -^PliXi +P24(/2 " ^l) = A(-2/iPi3 + X1P23 " a;iPi4 - 2/lP24), 

SO we get 

{pl3 + p24)/2 = 0. 

The point {pulp2A,Pi3/pii) —'■ {x,y) e x U {H- x satisfies x = —x, 
y = —y, i.e. Re{x) = Re{y) = 0. If /2 = these are the only conditions on 
{x, y) therefore {x, y) € x iR+ U iR_ x and the two components are 
exchanged by the automorphism sending {x,y) to {—x,—y), obtained by setting 
in (*) a = e = —d = —1, b = c = k = 0, so the moduli space is irreducible and 
connected. 

If /2 7^ 0, wc also have the condition pi3 = —p24, so xy = —1, but x = ij, y = i6 
with (7, (5) e IR+ X M+ UM- x ]R_, thus xy — —jd = —1. This is a hyperbola whose 
two branches are exchanged by the automorphism of D sending {x,y) to (—a;, —y), 
therefore it is irreducible and connected. 

Now let us consider case B) for a. 



1 \ 




/ 


1 





\ 


/ Xi 






( ^ \ 








1 








2/1 


+ 





X2 






h h 


1 





X2 






71 


\ 2/2 j 




\ f2 





-1 J 






V 72 / 








/ 


yi 

Xi 




\ 












flXl + 


/22/1 


+ X2 - 


1-71 












\ f2Xl - 


fm 


- 2/2 H 


h72 / 







a"^ G G implies fi = —f2- 

d*{ri) = {dxiAdx2){p23)+{dxiAdyi){pi3{xi-fi)+p23{f2-yi)+Pi4{yi-f2)+P24{xi-fi))+ 

{dyi A dx2){pi3) + {dyi A dy2){-piA) + {dxi A dy2){-p2A)- 
cr*{ri) = Xfj if and only if 

P23 = Apia, -Pi4 = Ap24, |A| 1 
Pi3(a;i-/i)+P23(/2-2/i)+Pi4(2/i-/2)+J524(a;i-/i) = A(-2/ipi3+a;ip23-a;iPi4-2/iP24)- 
This last equation becomes f2{pi3 + P24 + P23 — Pu) = 0. 
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(pi4/p24,Pi3/pi4) =: {x,y) satisfies xx = 1, Re{y) = 2^7^(-Pi4P23 +P13P24) = 

0. 

If /2 — 0, tliese are tlie only conditions on {x, y) € x U H- x so the 
moduli space is irreducible and connected, since the two components are exchanged 
by the same automorphism as above sending x to — x, y to —y. 

If /2 7^ we also have the condition pi3 + P23 — P14 ~ P24, that is P13 + Api3 = 
Pi4 + Api4. By dividing this equation by pi4 we obtain 

Pl3 _^ Pl3 Apl4 _ ^ P24 
Pl4 Pl4 Pl4 P14' 

equivalently 

P13 _ PhP^^ _ ^ _ P24 

Pl4 PlA Pl4 Pl4 ' 

which says 

y ~ y/x = 1 - 1/x. 

We obtain 

y-1 1+y 
X = = , 

2/ - 1 1-2/ 

since y + y = 0. Therefore the moduli space is parametrized by the image of the 
map y ijzr'iy)j where y G U and Re[y) = 0. The automorphism F 
obtained by setting in (*) a = d = 0, 6 = c = —1, e = ad — be — —1, fc = sends 
X = P14/P24 to 1/x = X, y ^ P13/P14 to -P23/P24 = Pia/Pu ^ y ^ -y- So if 
X = j^, F{x) — X — ^-iid the moduli space is irreducible and connected. 

^ ^ Q.E.D. 

Theorem 3.9. Let us fix the topological type for a Kodaira surface S, i.e. we fix 
the torsion coefficient m G Z of the first homology group of S. //to = {mod 2), 
then the number of topologically different real Kodaira surfaces is equal to 17; if 
TO = 1 (mod 2), then the number of topologically different real Kodaira surfaces is 
equal to 13. 

Proof. Let us first of all fix some notation. We know by theorem 13.51 that the 
topological type of a real Kodaira surface is determined by the orbifold fundamental 
group exact sequence 

1 ^ G ^ G ^ Z/2 ^ 1 
Every ct G G — G has the following form: a-(x) = Ax + &, where 

' \ 





-1 / 



( 


C2 





C2 


-ci 





/l 


/2 


1 




-fl 







( d. 


\ 




d2 






71 






\ 72 





while every element h G G has the form 
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( 


yi 








V 2/2 J 


V 





1 
h 1 













yi 


+ 


b 




Xl 




6 


/ 


\ V2 j 




\ ^ J 



Therefore we set gj{x) — Aj 



Vj , where 



\ 



1 




\ 



1 
1 / 



V / 

with ai — a2 = bi = b2 = 0. 

Since we fix the topological type of the real elliptic curve Ea = C/(a3Z + 
aiZ), we have for Ea, cri) three different possible topological types. Now, from the 
description of the moduli space of real elliptic curves (cf. e.g. jA-GI ). it is easy to 



see that we may assume 03 
topological types (cf. 13. 5() : 



1, 63 = 0, 04 = 0, 64 = 1 and we have three different 



Al) 
A2) 
B) 



Cl 
C2 
Cl 
C2 



Cl 
C2 



C2 

-Cl 

C2 
-Cl 
C2 
-Cl 



1 

-1 

1 
-1 

1 

1 



di 
d2 
di 
d2 





1/2 




di 
d2 



h 



h = di= 0. 
/i =di = 1/2. 
-/i. 



Finally, as we showed in the proof of theorem 13.51 by conjugating by some 



translation 



( x,\ 

yi 

X2 

V 2/2 J 

I 



( 



\ 



'^aT{x) — Ax + 



di 


71 

V 72 - 2f2 j 



Xl 

yi 

X2 + S2 
V 2/2+^2 J 

\ 



we have t ^gr = g, for all 5 G G and 



and so we may assume that in the expression of 



a we have 72 — 0. 

Recall that gagAg^^g^^ = 5™, so (S2 = and 62 — 2/m, and thus 5i ^ 0. 
Observe that for every g G Z , g{x) = a; + and for every a E G — G we have 
aga^^{x) = x + Av, therefore we have 



+ Av2 — 52 (x), since 62 = 0. 



agia ^{x) = x + Avi = x + 



\ 



have agia ^ 
—mei G Z. 






Si 

V J 



Since we know that aZa ^ = Z , we must 



gig2 and we immediately see that we have X — \ ^ = — 2ei/e2 
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So we have shown that for every a & G — G we have ag2^ ^ = 52 ^) ^9i^ ^ = 
9i9^, M = = -mei G Z. 

Recall that wc have an action ofZ/2=<(T> on Z given by the orbifold hmda- 
mental group exact sequence, since the conjugation action on Z is independent of 
the choice of the lifting a € G — G of a. 

Observe that we still can change generators of Z by substituting gi with gig^, 
and leaving 52 invariant. 

Then we have crgigl^d^^ = 9i9292 *- Thus if /i = {m,od 2), by choosing t = /i/2 
we can assume agid'^ = gi, 12 = ei = 0, while if = 1 {mod 2), by choosing 
f = (/i — l)/2 we can assume agia~^ = g\g2, M = 1) = —^/m. 

So for every a G G — G, fov the action of a on Z we have the two following 
different cases: 



1) agia ^ = gi, /j, = a = 0, ag2a ^ = 52 ^ 

2) CTgio--^ = 5152, M = 1, ei = -1/m, a5(25-"^ = 



Observe that since we have fixed the action of a lifting ct of cr on the elliptic 
curve Ea = C/(a3Z + Q!4Z), we can now change lifting only by multiplying d by an 
element g a Z . In fact if we take a lifting a' = ag with g = g4g^glg2 wc sec that the 
linear part of the action of a' on the first two coordinates does not change, while 
the translation part changes. In fact we always can assume, by conjugating by a 
translation, that in the new lifting we have 73 = 0. Furthermore we see that if & is 
chosen as in cases Al) and A2) we obtain for a' = ag, d[ = di+a, d'^ = d2 — b = —b, 
while in case B) we have d'l = di + b, d'2 = d2 + a. 

Let us then consider the action of an element a€G — G on G — Z. 



In case B) we easily see that we have 





( X, \ 




( 


1 












( X, \ 




( 


\ 


1 


Vi 









1 










Vi 






1 




X2 









1 


1 







X2 


+ 




/l+<53 




\ 2/2 J 




\ 


-1 








1 ) 




\ 2/2 ) 




\ 


-/i - es / 



therefore, looking at the linear parts we conclude that we must have dg^id ^ = 
9i9i92- 



Observe that by substituting g^ with gagigl we do not change the topological 
type of the Kodaira surface and we obtain d'{g3g{g2)d'~^ = 543i~'''.92 

Thus if we choose / = — r, t = n — jir, we see that we can assume r = 0, n = 0, 
^93^~^ = 9i- Then we obtain fi= 5^ — 5^ = —{a + €3). 
By an easy computation one shows that agia~^ = 53. 



In cases Al) and A2) we have 



^93^ ^ 



( X, \ 


( 


yi 




X2 




\ 2/2 ) 


V 



\ 


( X, \ 




( ' \ 




Vi 


+ 







X2 




^3 


/ 


\ 2/2 ) 
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SO by looking at the linear parts we see that we must have 



1 ^ 




( ^ 


( 


2/1 


= 939192 


2/1 






X2 




\ 2/2 ) 









10 
10 10 



( x,\ 
2/1 

X2 

V J 



I 1 \ 



r8\ + ^3 
y rei + ne2 + £3 / 



Thus we obtain r^i = 0, which implies r = 0, since 5\ 7^ 0, /2 = 2e3 + ne2. So we 
have 0-33 cr-i = J. 

By substituting g-^ with g?,g\g2 wo do not change the topological type of the 
Kodaira surface and we have c!g-ig\g\(7^^ 



n I ul —t 

9392 9i92 92 



I n + Lil — t 

939192 ■ 



In case 1) wc have /i = ei = and therefore if n = (mod 2) we may choose 
<: = n/2, / = and by substituting g^ with g-ig^^^ ■, we see that we can assume 
n = 0, cFgi,G-^ = 53, and /2 = 2e3. 

If n = 1 (mod 2), wc can set t = (n — l)/2, Z = and by substituting 93 with 



5352 



(n-l)/2 



, we see that we can assume n = 1, ag^a = 5352, and /2 = 2e3 + €2- 



In case 2) we have /x = 1, ei = —1/m and therefore if n = (mod 2) we may 
choose I = 0, t = n/2 and by substituting g^ with 5352^^) we see that we can 
assume n = 0, dgzcr~^ = 53, and /2 = 263. 

If n = 1 [mod 2), we may choose I = 1, t = [n + l)/2 and by substituting g^ 
with 535152"^^^^^) w6 see that we can assume n = 0, agsa~^ = gs, and /2 = 2e3. 

In conclusion we have the following cases: 



l)Al)A2)(a): agia'^ 
if 2 = 2e3). 



51, ^920- ^ 



l)Al)A2)(b): agia-^ = gi, dg2a~^ 
(/2 = 2e3 + €2). 



2)A1)A2): agia"^ 
(/2 = 2e3). 



5152, 1752^ ^ 



= 92^, (/^ = ei = 0), dg^a-'^ = 53, 
= 92^, ifi = ei = 0), agsa-^ = 5253, 
52'^ (m = 1, ei = -1/to), ^53CT"^ = 53, 



By an easy computation we see that in cases Al) and A2) we have 



ag4cr = 



( X, \ 


( 


2/1 




X2 




\ 2/2 ) 





10 
0-110 



\ 


(x,\ 


( \ 




yi 


-1 




X2 




/ 


\y2 ) 


\ -2di -64 J 



SO by looking at the linear parts we conclude that we must have ag4a ^ 
94^9i92- Now we have 



9l'9^9^2 



( X, \ 




( 1 











2/1 







1 








X2 







-1 


1 





\ 2/2 ) 




I 1 








1 



\ 


( X, \ 




( \ 




2/1 




-1 




X2 


+ 


1 — ^4 + u5i 


/ 


\ 2/2 ) 




\ —64 + U61 + V62 J 
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thus we obtain u — {f2 + 26a — l)/6i, v — {—2di ~ uei)/e2- 

Again we can substitute 54 with gAQiQi and try to find a normal form for the 
conjugation action of a on 5^4 . 

Incase l)Al)(a) we computer = (2e3 — l + 2(54)/Ji €Z,v = {—2d\ — ue\)/e2 = 0, 

Thus we have the two following possibilities: 

l)Al)(a)(i): If ?i = (mod 2), then we can set r = —u/2 and we may assume 
agid~^ = c/j\ u = 0, i.e. 63 + 6^ = 1/2. 

l)Al)(a)(ii): If u = 1 {mod 2), then wc can set r = (1 — 'u)/2 and we may assume 
agid~^ = g4^gi, u=l, i.e. 2e3 + 264-! = Si. 

In case l)Al)(b) we compute u = (2e3 — 1 + 2S4, + e2)/Si G Z, v = {—2di — 

uei)/e2 = 0, ag4g'[g2^~^ = .94 ^9l.9^.9^^• 
Thus we have the two following possibilities: 

l)Al)(b)(i): If u = {mod 2), then we can set r = —u/2 and we may assume 
(T54(T^^ ~ \ u 0, i.e. 2e3 + 264 + £2 = 1- 

l)Al)(b)(ii): If u = 1 {mod 2), then wc can set r = {l — u)/2 and we may assume 
a^4CT-i = g4^gi, u = I, i.e. 2e3 + 264 - I + 62 ^ 61. 

In case l)A2)(a) we compute u = {2e^ — 1 + 264) /Si S Z, w = {—2di — 
u€i)/e2 = —m/2, therefore this case occurs only if m = {mod 2). dg4g\g2cr~^ = 

~1 u 9 r — s 

9i 9i92 5i52 • 

Thus we have the two following possibilities: 

l)A2)(a)(i): If u = {mod 2), then we can set r = —u/2 and we may assume 
dg4a~'^ = fl'r^fi'2^™^^, u = 0, i.e. €3 + 64 = 1/2. 

l)A2)(a)(ii): If u = 1 {mod 2), then we can set r = (1 — ■u)/2 and we may assume 
a-gr^CT-i = g4^ gig^""^"^ , u = 1, i.e. 2e3 + 2^4 - 1 = ^i. 

We will prove later that case l)A2)(b) does not occur. 

In case 2)A1) we have crg2cr~^ = g2^ , S'gia~^ = gig2, (m = 1, ei = ^1/™), 
^930-"^ = 53 (/2 = 2e3), ac/40-"^ = gl^g^gl, with u = (2e3 + 2^4 - l)/6i, 

V = {—2di — uei)/e2 = u/2. Thus we must have u = {mod 2). 

Then (ygigig2^~^ = g4^gig2gi92~^ ' so if wc choose r = —u/2 we have v + r = 
and we can assume ag4a~^ = ^J^, u = 0, ii = 0, £3 + ^4 = 1/2. 

In case 2)A2) we have d-g2S-~^ = g^^, agia~^ = gig2, {iJ' = 1, ei ^l/™)j 
ogzd-^ = gs (/2 = 2e3), ^540-"^ = g4^9i92, with u = (2e3 + 2^4 - 1)/Si, 

V = {—2di — uei)/e2 = {u — m)/2. Thus we must have u = m {mod 2). 

Then ag4gig2^~^ = fi'J^fi'i 52fl'rfl'2~*' we have the following two different cases: 
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2)A2)(i) If u = {mod 2) (then also m = {mod 2)), we can choose r = —u/2 

and we have v + r = — m/2 and we can assume ag4a^^ — 54^^32 "'^^^ ^ — ^"^/2, 
u = 0, i.e. 63 + (54 = 1/2. 



2)A2)(ii) If w = 1 (mod 2) (then also m = l {mod 2)), we can choose r = (— u 
l)/2 and we have v + r = {1 — m)/2 and we can assume ag4<7^^ 
V ^ {\-m)/2,u^ 1, i.e. 2e3 + 2^4 - 1 = 5i. 



-1 (l-m)/2 

54 31.92 



Observe now that in the cases Al) and B) we have G Vct G G — G. In fact, 
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So, in cases Al) and B) we can write ~ 9i92 ^ ^■ 
In case A2), for every lifting a, we have 
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so we can write = 335^3!, thus lO doesn't split. 

Therefore in cases Al) and B) we must have 271 = p5i, pei + qe2 = 0, or 
equivalently pjj, — 2q. 

In case A2) we must have 271 = —l/A + pSi + 63, pei + qe2 + £3 = /2/2. 

Notice that by substituting a by (TgiS2: G Z, the conjugation action of a 
on G doesn't change. So if we substitute a by o-g^ gl, in cases Al) and B) we get 

i^9'[9i?-9?'-'92''^''- 

In case 1)B) then we have tr^ — g^g^, 271 = p6i, pei +qe2 — qe2 — 0, thus g = 0, 
since £2 ^ 0. So if we substitute a by af/isl, we obtain (affif?!)^ = 9i so we 
have the two following cases: 

1)B)' if p = {mod 2), then we can set k — —p/2 and we may assume = Id, 
71 = and splits. 



1)B)" if p = 1 {mod 2), then we can set k = (1 — p)/2 and we may assume 
= ffii 71 = '5i/2. We claim that ^ does not split. In fact otherwise there 
would exist an element g G G such that {ag)^ = 1. But any g ^ G can be 



939l9{92*^i939l9[92*)^ = 9^91' 9391 
{agY — 1 implies 21 + 1 



" " V2. 

4 53 3l 

0. a contradiction. 



written as follows: g — 54.g|5i52, so we have (ag)^ = (ffga ^)a{ag(j 

s+r s+r mr{r+s) 21+1 



54 53 52 



5i 



Then 



In case 2)B) we have a — g\g2i 271 — p5i, pei + qe2 

So if we substitute d by agi^l, we obtain {S-gigp^ — 
Therefore if we set k 



^ -p+2q 
m 

2k+p k+q 

9i 92 



q we can assume = Id, 71 = and ^ splits. 



0, thus 2q — p. 

2{k+q) k+q 

9i 52 
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In case 1)A1) we have ct^ — gigl, 271 — pdi, pei + qe2 = q£2 = 0, thus q = 0, 
since €2 7^ 0. So if we substitute a by CTf/i^l, we obtain (ffffisl)^ — 5i '^^ 
have the two following cases: 

l)Al)' if p = {mod 2), then we can set k = ~p/2 and we may assume = Id, 
71 = and jni splits. 

l)Al)" if p = 1 {mod 2), then we can set k = {1 — p)/2 and we may assume 
'^^ = .917 71 = '^i/2- Observe that this docs not necessarily imply that © does not 
spht. 

In case 2)A1) we have ct^ = gi^l, 271 = pSi, pei +qe2 = "^^^"^ — 0, thus 2q = p. 

So if we substitute a by dg\g2, we obtain (o'f/igl)'^ = 9i'^^92^'^ — 9i'^^''\2^'' ■ 
Therefore if we set k = —q we can assume ct^ = Id, 71 = and ^ splits. 

In case l)A2)(a) we have ct^ = 5351.921 271 — — 1/4 + p(5i + Ja, pei + q€2 + £3 = 
q£2 + £3 = 72/2 = 63, thus q — 0, since £2 7^ 0. So if we substitute a by t75i5|, we 
obtain ((T5i5|)^ = 535i*'"*^^, so we have the two following cases: 

l)A2)(a)' if p = (mod 2), then we can set k = —p/2 and we may assume 
= 53, 71 = (53 - l/4)/2. 

l)A2)(a)" if p = 1 {mod 2), then we can set k = {1 — p)/2 and we may assume 
= .9351, 71 = (-1/4 + (5i + (53)/2. 

In case l)A2)(b) we have 271 = -1/4 + p5i + 63, pei + qe2 + £3 = qe2 + £3 = 
/2/2 = £3 + £2/2, thus q ~ 1/2, absurd. Thus this case does not occur. 

In case 2)A2) we have tr^ — 535152, 271 = —1/4 + pSi + S3, pei + qe2 + £3 = 
—p/m + 2q/m + £3 = /2/2 = £3, thus 2q = p. So if we substitute a by i75i5|, 

we obtain (ct5i5|)^ — 535i'^^^52^'' — .935i'''"'^'^''52^*, so if we set k — —q, we can 
assume = 53, 71 = {63 - l/4)/2. 

We finally list all the different cases in normal forms that occur: 

1)B)' {Ea,ai) as in case B), 72 = 0, £1 = 0. ag2a^^ = 52"\ a-5i<T"^ = 51, 
o-.930-"^ = 54, /i = -/2 = (54 - ^3 = -64 - £3, crg^a^^ = 53, a'^ = Id, 71 = and 
© splits. 

1) B)" {Ea, (Ti) as in case B), 72 = 0, £1 = 0. ag2a~^ = 5^\ agia~^ = 51, 
^530""^ = 54, /i = -/2 = ^4 - ^3 = -£4 - £3, ^540-"^ = 53, CT^ = 51, 71 = ^i/2 and 
we have already observed that® does not split. 

2) B) {Ea,<Ji) as in case B), 72 = 0, £1 = -1/m. ag2a^^ = g2^, ^gia^^ = 5152, 
o-530-"^ = 54, /i (^4 - (53 = -£4 - £3, ^gi^'^ = 53, o-^ = Id, 71 = and ® splits. 
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l)Al)(a)(i)' (i?Q, CTi) as in case Al), 72 = 0, £1 = 0. a-g2a' ^ = .g2 ^, o-gio- ^ — gi, 
^930-^^ = 33, /2 = 263, S-g4a^^ = \ 63 + 64, = 1/2, ct^ = Id, 71 = and © splits. 

l)Al)(a)(i)" {Ea,ai) as in case Al), 72 = 0, ei = 0. ag2(T^^ ~ 92^, agia^^ — gi, 
^.930-"^ = 53, /2 = 2e3, (T540-~i = \ £3 + ^4 = 1/2, ct^ = gi, 71 = 5i/2. We also 
claim that © does not split. In fact otherwise there would exist an element g G G 
such that {(jg)^ — 1. But any g ^ G can be written as follows: g = glg^gigiy so we 
have ((75)2 = (ct55--1)ct(5-55--1)ct = g^"' gig{g2*H9l'' 939[g2*)^~^S-'^ = 94^' 9'39Mgf^^ = 
5|"5^''"5f +^ Then (CTg)^ = 1 imphes 2/ + 1 = 0, a contradiction. 

l)Al)(a)(ii)' {Ea,ai) as in case Al), 72 = 0, ei = 0. ag2a-^^ = 52^^, agiir^^ = 

51, 0-53CT~^ = 53, /2 = 263, ^540-^1 ^ 54 ^51, 263 + 2(54 - 1 = 5i, (T^ = /rf, 71 = 

and JBJ splits. 

l)Al)(a)(ii)" {Ea,ai) as in case Al), 72 = 0, ei = 0. (Tg2(T~^ = 5^^, <7gia~^ = 
51, '753^"^ = 53, /2 = 263, o-540-~^ = 54:^51, 2e3 + 2J4 - 1 = ^i, (T^ = 51, 71 = Si/2 
and we claim that © splits. In fact one can easily see that (a'545f ^)2 = 1. 

l)Al)(b)(i)' {Ea,cri) as in case Al), 72 = 0, ei = 0. ag2^^^ = g2^, crgid^^ = 51, 
c'gzcr-^ = 5352, /2 = 2e3 + €2, 0-54^"^ = 54:\ 2e3 + 2(^4 + 62 - 1 = 0, ct^ = 
71 = and injl splits. 

l)Al)(b)(i)" {Ea,(Ji) as in case Al), 72 = 0, ei = 0. ag2(T^^ — 92^, ^gi<^^^ = 
51, a-gsa^^ = 5352, /2 = 2e3 + £2, o-54(T"^ = 5;^ \ 2e3 + 2^4 + e2 - 1 = 0, 
= 51, 71 = ^1/2 and we claim that © does not split. In fact otherwise 
there would exist an element g G G such that {ag)^ = 1. But any g E G can 
be written as follows: 5 — 54535152, have (o'g)^ — {aga^^)a{dgcr^^)a — 

g4'glglgW~^{9V9l9ig\g2')~o-^~o'' = 9V 9l9\glg^'^^ gi = g^gT'^'gl'^'- Then 

{agY = 1 implies 2Z + 1 = 0, a contradiction. 

l)Al)(b)(ii)' {£^Q,(Ti) as in case Al), 72 = 0, ei = 0. a-g2<7^^ = 53"^, agiir^^ = 

5l, C^53^"^ =5352, /2 = 263 + 62, 0-54^"^ =54^^51, 263+254 + 62-1 = (^l, = Id, 

7i = and jnj splits. 

1) Al)(b)(ii)" (Ea^cTi) as in case Al), 72 = 0, 61 = 0. (792^'^^ ~ 52^^, ogicr^^ — 
51, ag^a^^ = 5352, /2 = 263 + 62, ag4a-^^ = 51 ^ffi, 2 63 + 2(54 + 62 - 1 = (5i, (t^ = 51, 
71 = Si/2 and we claim that|(ni) splits. In fact one can easily see that (o'545f ^)2 — 1- 

2) Al) {Ea,(Ti) as in case Al), 72 — 0, ei — —l/m. dg2<y^^ = 52^^, agia^^ = 
5i52, CT53a"i = 53, /2 = 263, o-54CT~i = 54:\ €3 + 64 = 1/2, (t^ = M, 71 = and © 
splits. 

l)A2)(a)(i)' (£'q,(7i) as in case A2), 72 = 0, 61 = 0, m = {mod 2). ag2cr^^ = 
5^\ CT5ia-~i = 51, CT53CT-1 = 53, /2 = 263, ^5417"^ = 54 ^52''"^^ £3 + ^4 = 1/2, 
=53, 71 = ((53 - l/4)/2 and lO does not split. 
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l)A2)(a)(i)" {Ea,<7i) as in case A2), 72 = 0, ei = 0, to ee {mod 2). ag2^^^ = 

92^1 = 51, agsa-^ = 53, /a = 2e3, CT.94a-"^ = 54 ^52^™^^> £3 + (^4 = 1/2, 

CT^ = .9331, 7i = (-1/4 + 5i + 5z)/2 and ® does not split. 

l)A2)(a)(ii)' (£'q,o-i) as in case A2), 72 = 0, ei = 0, to = {mod 2). ag2(7^^ = 

CTgiCT^i = 51, CT530-~^ = 3352, /2 = 2e3, (734^^^ = 54^^5l52^™^^ 2e3 + 2(54-l = 
5i, CT^ — 33, 71 = (^3 — l/4)/2 and © does not split. 

1) A2)(a)(ii)" {Ea,(Ti) as in case A2), 72 = 0, ei = 0, to = {mod 2). CT32'5-"^ = 

92^, CTgio-^i = gi, ag^a-^ = 33, /2 = 2e3, CT340-"^ = 54^^3l52'™^^ 2e3+254-l = 
(T^ — gsgi, 71 = {^3 — l/4 + 5i)/2 and ® does not split. 

2) A2)(i) {Ea,ai) as in case A2), 72 = 0, ei = — 1/m, to = {mod 2). (Tg2cr^^ = 

92^, CT^lO-^l = 3132, 0-33^^^ = 33, /2 = 263, CT34CT"1 = 34 ^32^'"''^, 63 + ^4 1/2, 

= 33i 71 = (^3 - l/4)/2 and © does not split. 

2)A2)(ii) {Ea,ai) as in case A2), 72 = 0, ei = — 1/to, m = 1 (toooJ 2). 

~_1 —1 - ~_i - ~_i J, „ ~ ~— 1 —1 (l-m)/2 

cr.920- - .92 ' ^^31^^ = 3132, cr330- = 33, h = 2e3, ag^a ^ ^ g^ g'^ 
263 + 2(54 - 1 = = .93, 71 = (^3 - l/4)/2 and © does not split. 

In order to see that all these cases are different, we only have to check that 
case l)Al)(a)(i)' is different from case l)Al)(a)(i)" ; case l)Al)(b)(ii)' is different 
from case l)Al)(b)(ii)" ; case l)A2)(a)(i)' is different from case l)A2)(a)(i)" ; case 
l)A2)(a)(ii)' is different from case l)A2)(a){ii)" . In fact in each of the above pair 
of cases, the conjugation action of a is the same, but is different. 

Denote by a and a' the liftings of a as in the above list respectively in the first 
and in the second case of each pair. Then since the conjugation action of a and of 
a' on the g'^s are the same, the two cases of each pair are equivalent if and only if 
there exists a. g £ Z such that a' = a o g. But then if we set 3 = 3^32, crga~^ = 3', 
we have a'^ = g'{ag'a~^)a'^ . Now in all these cases we have a''^a~'^ = 31, then we 
must have 31 = a'^a^^ = g' {ag'a^^) — gf^ , as one can easily compute, so we have 
found a contradiction. 

Q.E.D. 



4. The topology of the real part 

Now we would like to determine the topology of the real part of a real Kodaira 
surface S. 

First of all we recall that remark 13.711 tells us that in cases IB)", lAl)(a)(i)", 
lAl)(b)(i)", l)A2)(a)(i)', l)A2)(a)(i)", l)A2)(a)(ii)', l)A2)(a)(ii)", l)A2)(i), 2)A2)(ii) 
of 13.91 the real part of 5 is empty, since © does not split. 



Remark 4.1. The fixed point locus of an antiholomorphic involution a on a real 
Kodaira surface S can only be a disjoint union of tori and Klein bottles. 
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In fact we have the fibration 



Ea = C/(Za3 + Z/a4) — ^ = C/(Za3 + Z/ai) 

with fibre Ep = C/(Z/3i + Z(32), so each component of the real locus is a bundle 
on S^. 

Furthermore the number of such connected components is less or equal to 4, since 
the real part of an elliptic curve has at most 2 connected components. 

We want now to show how one can compute the number k of connected com- 
ponents of the real part S{M.) of a real Kodaha surface and how to determine the 
nature of the components. 

Assume that S{R) ^ then of course Fix{ai) ^ (cti is the action of a on Ea 
as in 14.1(1 and Fix{ai) has either one or two connected components homeomorphic 
to S\ 

We consider then all the possible liftings a' of a, such that a'^ ~ Id and we 
consider their fixed point loci. Then, for a component in the fixed point locus 
of such a lifting a' , we take the equivalence class, where we say that two such 
components T and T' are equivalent if and only if there exists an element h E G 
such that h{T) = T'. 

Finally we want to see if the components are tori or Klein bottles and we observe 
that if r is a connected component of the fixed point locus of a lifting a' as above, 
the corresponding connected component of S'(R) is homeomorphic to T/H, where 
H = {geG \gir) = T}. 

Furthermore, since F = R^, we see that 7ri(F/iJ) = H, thus we only need to 
determine H. 

We will see that H is always abelian, therefore all the connected components are 
tori. 

In order to understand better what we are saying, we show the computation in 
case l)Al)(a)(i)' of l3.9l From theorem l3.9l we know that we may choose a lifting a 
of a to the universal covering R'* such that 

o-520-"^ = 

(7gi<T^^ = gi, 

^gs^^^ = 53, 
agia^^ = g^^ . 
Furthermore we know that ct^ = 1. 

We want to find the elements g E G such that ((75)^ = 1. 

We know that every element g & G can be written as follows: g = g\g'^g\g\, with 
6, a^t,l G Z, so we have: 

{dgf = {c^g\gtgWi^^^)^{^gA9tg29i^^^)^ = 
g^'glglg^gf = g^' g^glg^ gl^ gf = gr'gl^gf- 

Thus {dgY = 1 if and only if a = ^ = 0, and g — g\g2- 
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Now we want to determine the fixed point locus of dg in the universal covering 
and we can explicitely compute: 
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Now one can easily prove that we can assume 6 = 0, 1 and we find at most 4 
connected components. In fact we can see that if we take 6, 6' as above such that 
6 = 6' (mod 2), and we call T, V the corresponding components, there exists an 
element h G G such that h{T) = V. 

Therefore it suffices to make the explicit computation for 6 = 0, 1. 

If 6 = we have yi = and the third equation above gives ?/2 = ^Xi — and 
we get two connected components 



Ti = {yi = 0, y2 



f2 . 



/2 ^2 

r2 = {yi = 0, y2 = —Xl + — }. 

Now we must check whether the two components give rise to different components 
of 5(R) or if there exists an element h G G such that h{ri) = r2. 

If 6 = 1, from the second equation above we obtain f2/2 — 1/2 + 5^ = and this 
holds trivially since we have 64 = 1/2 — /2/2 (cf. 13. 9() . 

So we finally get at most two other connected components, namely 



Ai = {yi = -1/2, y2 



A2 = {yi = -1/2, y2 = ( 



,/2 + l. 
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Again one has to check whether these two components give rise to two different 
connected components in S'(M) or not. 

We show that Fi and r2 are not in the same equivalence class. In fact assume 
that there exists a g e G such that ^(ri) — ^^"'^ ^-.rr-a^a ^ — r,s„rj„n 

and we would have: 



r2, then we can write g = 3|<73<7i52 
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n€2 (recall that bv 13.91 we have 
= e3x'i+e2/2 = e3(xi+r) + e2/2. 



so s = and g — 335132 i which yields e — re-^ + 
/2 — 263). Then we must have x'l = xi +r, £3X1+6 
so we get ne2 = £2/2, which implies n ~ 1/2, a contradiction. 

Therefore there cannot exist a. g E G such that g{ri) = r2, so Fi and r2 are not 
equivalent and they give rise to two distinct components of S{R). 
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For the A^'s, we show that if to = {mod 2), then Ai and A2 are not equivalent, 
while if TO = 1 (mod 2), they are equivalent. 

In fact we want to see if there exists an element g € G such that .g(Ai) = A2, so 
we write g = g4g^g{g2 as above and we impose 



1 
1 

r s 
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V (ea + l/2)a;'i - £4/2 + £3 



so s = and g — 33.9132 ' which yields e — re3+ne2. Then we must have x[ — xi +r, 
-r/2 + (e3 + l/2)a:i - £4/2 + e = (eg + l/2)x[ - £4/2 + £2/2 = (£3 + l/2)(xi + r) - 
£4/2 + £2/2, so we get n£2 — £2/2 = r. Since £2 = 2/to, we obtain 2n — 1 = mr, 
which is obviously impossible if to = {mod 2). If instead to = 1 {mod 2), we can 
for instance choose r — 1, n = {m + l)/2, so Ai and A2 are equivalent. 

Therefore we have proven that if m = {mod 2), S{M.) has 4 distinct connected 
components, while if m = 1 {mod 2), has 3 distinct connected components. 

Now we show that the component Fi gives rise to a torus as a component of 
S{R). 

We have then to determine the group H — {g ^ G \ g{Ti) — Fi}. Since any 
3 G G is of the form 
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and Fi = {yi = 0, y2 — 2 ^1}' where /2 — 26^ (cf. I3.9|l . we want 
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So we find x[ = xi + r, s = 0, g = g^gigl {r,n,t S Z), £30:1 + e = £3(2:1 + r). 
Now since g = g^gig2^ we obtain e = £3r + ^£2, so we must have t — 0, g — g^gi, 
r,neZ. So H = {gr^gf, \r,neZ}^Z^ and Ti/H ^ x S\ 

Analogously we can prove that also the other components are tori. 

Similar computations allow us to describe the topology of the real part in all the 
other cases and we obtain the following table. 
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